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We explain a method to find internal quark configurations of exotic hadron candidates by using the
constituent counting rule. The counting rule was theoretically predicted in perturbative QCD for
hard exclusive hadron reactions, and it has been tested in experiments for stable hadrons including
compound systems of hadrons such as the deuteron, 3H, and 3He. It indicates that the cross section
scales as dσ/dt ∼ 1/sn−2, where s is the center-of-mass energy squared and n is the total number of
constituents. We apply this method for finding internal configurations of exotic hadron candidates,
especially Λ(1405). There is a possibility that Λ(1405) could be five-quark state or a ¯KN molecule,
and scaling properties should be different between the ordinary three-quark state or five-quark one.
We predict such a difference in π− + p → K0 + Λ(1405), and it could be experimentally tested, for
example, at J-PARC. On the other hand, there are already measurements for γ + p → K+ + Λ(1405)
as well as the ground Λ in photoproduction reactions. Analyzing such data, we found an interesting
indication that Λ(1405) looks like a five-quark state at medium energies and a three-quark one at
high energies. However, accurate higher-energy measurements are necessary for drawing a solid
conclusion, and it should be done at JLab by using the updated 12 GeV electron beam. Furthermore,
we discuss studies of exotic hadron candidates, such as f0(980) and a0(980), in electron-positron
annihilation by using generalized distribution amplitudes and the counting rule. These studies should
be possible as a KEKB experiment.
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1. Introduction
Many observed hadrons are interpreted by the ordinary quark compositions, qq¯ and qqq, accord-
ing to constituent quark models. Since other quark configurations are not prohibited by QCD, they
have been searched for a long time. They are called exotic hadrons, and typical ones are tetraquark
(qqq¯q¯) and pentaquark (qqqqq¯) hadrons. There are recent experimental findings about candidates of
these exotic hadrons [1]. However, it is difficult to find an undoubted evidence of exotic nature by
global observables such as masses, spins, parities, and decay widths. Since appropriate degrees of
freedom are quarks and gluons at high energies, there is a possibility that the exotic evidence is found
in high-energy reactions. Along this line, we have proposed exotic-hadron studies by using fragmen-
tation functions [2], constituent counting rule [3,4], and three-dimensional structure functions such as
1
generalized parton distributions (GPDs) and generalized distribution amplitudes (GDAs) [5]. There
are also other recent studies on using the counting rule for exotic hadrons [6].
Among these studies, we explain our works on the constituent counting rule for exotic hadron
studies [3–5]. The constituent counting rule is theoretically predicated in perturbative QCD for ex-
clusive reactions with large transverse momentum [7], and it has been confirmed by hadron-hadron
and lepton-hadron reactions [8] including light nuclei [9]. An exclusive cross section scales as 1/sn−2
with the total number of constituents n and the center-of-mass energy squared s, so that it should be
used for exotic hadron studies [3–6]. In this article, we explain the constituent counting rule in Sec. 2,
and then it is used for the exotic hadron candidate Λ(1405) to compare with experimental data and
to propose new experiments in Sec. 3. Next, possible exotic hadron studies are discussed in Sec. 4 by
using the GPDs and GDAs. We summarize our studies in Sec. 5.
2. Constituent-Counting Rule in Hard Exclusive Hadron Production
Fig. 1. Exclusive process a+b → c+d [3].
The cross section for a large-angle exclusive scatter-
ing a + b → c + d is generally expressed in terms of
the partonic scattering amplitude Hab→cd and light-cone
distribution amplitudes φh (h = a, b, c, d), where the
subscript indicates the hadron h as schematically shown
in Fig. 1. Using the Mandelstam variables s and t de-
fined by the momenta ph as s = (pa + pb)2 and t =
(pa − pc)2, we write the cross section as dσab→cd/dt ≃∑
pol |Mab→cd |2/(16πs2) where the matrix element Mab→cd
is expressed as [7]
Mab→cd =
∫
[dxa] [dxb] [dxc] [dxd]φc([xc])φd([xd])
× Hab→cd([xa], [xb], [xc], [xd], Q2)φa([xa])φb([xb]). (1)
Here, [xh] indicates a set of the light-cone momentum fractions, xi = p+i /p+h with i-th parton momen-
tum pi, for partons in the hadron h.
There are two factors in the matrix element. One is the parton distribution amplitude (PDAs),
which reflects a nonperturbative aspect of hadron, and the other is the partonic scattering amplitude,
which should be calculated in perturbative QCD. The PDAs have been studied especially for the
pion, and there are theoretical proposals for its functional types, such as the asymptotic form and the
Chernyak-Zhitnitsky form. They are tested in comparison with measurements of Belle and BaBar
collaborations. Much more studies are needed for other hadron PDAs.
Fig. 2. Typical hard-gluon exchange process [3].
A typical process is shown in Fig. 2 for the
partonic scattering amplitude Hab→cd. However, de-
pending on the exchanged-gluon location, there are
many processes which contribute to Hab→cd, and an
automatic code is needed for such an evaluation. As
shown in Fig. 2, we understand that the hard ex-
clusive process occurs due to hard gluon exchanges
to share large momenta among constituents, which
should stick together to form a hadron in an exclu-
sive reaction. Then, we obtain so called constituent-
counting rule by assigning hard momentum factors
for the internal quarks, gluons, and external quarks in Fig. 2:
dσab→cd
dt =
1
s n−2
fab→cd(t/s), (2)
2
where n is the total number of constituents involved in the reaction, n = na+nb+nc+nd, and f (t/s) is
function depends on the scattering angle. The cross section scales as 1/s n−2 in the high-energy limit
with the number of constituents, which is called the constituent-counting rule. This rule has been
tested by experiments. Various two-body hadron reactions indicated such a scaling behavior in BNL-
AGS experiments [8], then it is confirmed in photoproduction reactions such as γ + p → π+ + n, and
it is valid even for light nuclei [9]. We propose to use this idea for the studies of exotic hadrons [3–5].
3. Constituent-Counting Rule for Exotic Hadron Candidate
We apply the constituent-counting rule for Λ(1405) which has been considered as an exotic
hadron for a long time. Although most low-mass baryons in the 1-2 GeV range can be interpreted
by simple constituent-quark models, the Λ(1405) mass is anomalously light in the spin-parity (1/2)−
states. The mass of the ground Λ is larger the nucleon mass (MΛ − MN ≃ 180 MeV), whereas the
Λ(1405) mass is smaller than the one for a p-wave excitation of the nucleon (MΛ(1405) − MN(1535) ≃
−130 MeV) although Λ(1405) contains a heavier-strange quark. Therefore, Λ(1405) is considered as
an exotic hadron, namely a five-quark (pentaquark) hadron or a ¯KN molecule. If Λ(1405) is such a
state, its configuration should be determined by the scaling behavior in high-energy exclusiveΛ(1405)
production processes.
3.1 π− + p → K0 + Λ(1405)
We first discuss pion-induced exclusive Λ and Λ(1405) productions π− + p → K0 + Y (Y =
Λ, Λ(1405)). Before analyzing Λ(1405), we had better test the counting rule in the ground Λ which
is considered as an ordinary baryon. There are many measurement for π−+ p → K0+Λ and we obtain
the cross sections at θcm = 90◦ for studying large-momentum-transfer reactions. In Fig. 3, the cross
sections multiplied by the scaling factor s8 are shown to find whether it scales by the assignment np =
nΛ = 3 and nπ− = nK0 = 2. In fact, if the factor is determined by the data, we obtain n = 10.1 ± 0.6,
which suggests that the ground Λ is consistent with the three-quark picture.
On the other hand, there is only one data point at
√
s = 2.02 GeV for Λ(1405). It is not obvious
where the scaling region starts for theΛ(1405) production; however, the transition occurs at √s ≃ 2.5
GeV according to the experimental data for γ + p → π+ + n [8]. Unless the full evaluation of Eq.
(1) becomes possible, we cannot predict the transition point theoretically. So, simply assuming that
the scaling description works at
√
s ≥ 2.02 GeV, we draw two cross section curves in Fig. 4 by
taking Λ(1405) as a three-quark or five-quark state for a rough estimate on future measurements.
In fact, an experimental proposal is under consideration at J-PARC by using the high-momentum
beamline [10]. If the cross sections will be measured at least at two different energies, they should
provide information on the number of constituents in Λ(1405) in a different way from low-energy
observables on masses and decay widths.
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Fig. 3. Scaling in π− + p → K0 + Λ [3].
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Fig. 4. Scaling in π− + p → K0 + Λ(1405) [3].
3
3.2 γ + p → K+ + Λ(1405)
We discuss photoproductions of hyperons including Λ(1405). We determined the factor n by
fitting the data, which are shown in Fig. 5 for the reaction γ + p → K+ + Λ. We take measurements
in scattering-angle bins around θcm = 90◦. In Fig. 5, five data sets are shown for the bins from
−0.25 < cos θcm < −0.15 to 0.15 < cos θcm < 0.25 with 0.10 step each. Using the data with s ≥ smin
with √smin = 2.3, 2.4, · · · , 2.7 GeV, we determined the scaling factor n. In Fig. 5, the cross sections
with n = 10.0 are shown from the analysis of
√
s ≥ √smin = 2.6 GeV. The data at
√
s = 3.5 GeV
was taken from a SLAC experiment, and low-energy data ware from the JLab-CLAS experiment.
The measurements tend to indicate scaling behavior at high energies; however, it should become
more clearly if accurate measurements will be taken in the intermediate-energy region (2.8 GeV
≤ √s ≤ 3.5 GeV) at the updated 12 GeV facility of JLab. Next, Λ(1405) production data are shown
in Fig. 6, where n = 10.6 in the analysis range of
√
s ≥ 2.5 GeV. The data have large errors and
there is no measurement at 3.5 GeV, so that the scaling behavior is not very clear. Obviously, much
accurate and higher-energy data are needed for the scaling analysis.
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Fig. 6. Scaling in γ + p → K+ + Λ(1405) [4].
Fig. 7. Energy dependence of factor n [4].
We investigated the minimum-energy (√smin)
dependence on the scaling factor n and the results
are shown in Fig. 7. By varying the value of √smin,
the factor n is determined for Λ and Λ(1405). If
the hyperon is a three-quark or five-quark state, n
should be 9 or 11, respectively. The results show
interesting phenomena. The ground Λ is roughly
consistent with the three-quark picture, whereas
Λ(1405) looks like five-quark state at low energies
(2.3 GeV ≤ √smin ≤ 2.5 GeV) and it becomes
three-quark one at high energies (√smin ≥ 2.6
GeV). Therefore, it seems that Λ(1405) looks like five-quark (or ¯KN molecule) at relatively low
energies but it is more like three-quark state at high energies. It is an interesting finding; however, we
cannot draw a solid conclusion at this stage because the errors of the n values are too large.
4. Exotic Hadron Studies by Three-Dimensional Structure Functions
Internal structure of exotic hadron candidates can be also investigated by three-dimensional struc-
ture functions [5], namely generalized parton distributions (GPDs), transverse-momentum-dependent
parton distributions (TMDs), and generalized distribution amplitudes (GDAs) [11]. The constituent
counting rule can be also used as a useful tool in these investigations for exotic hadrons. First, the
GPDs for the nucleon are defined by off-forward matrix elements of quark (and gluon) operators as∫ dy−
4π
eix
¯P+y−
〈
p′
∣∣∣ψ(−y/2)γ+ψ(y/2)∣∣∣ p〉 ∣∣∣∣
y+=~y⊥=0
=
1
2 ¯P+
u(p′)
[
Hq(x, ξ, t)γ++Eq(x, ξ, t) iσ
+α
∆α
2 M
]
u(p), (3)
4
where Hq(x, ξ, t) and Eq(x, ξ, t) are the GPDs. The GPDs are experimentally measured by the virtual
Compton process. The kinematical variables x, ξ, and t are defined as follows. We define momenta ¯P,
q¯, and ∆ by the nucleon and photon momenta as ¯P = (p + p′)/2, q¯ = (q + q′)/2, ∆ = p′ − p = q − q′,
and the momentum-transfer-squared quantities are given by Q2 = −q2, ¯Q2 = −q¯2, and t = ∆2. Then,
the generalized scaling variable x and a skewdness parameter ξ are defined by x = Q2/(2p · q) and
ξ = ¯Q2/(2 ¯P · q¯).
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Fig. 8. Valence-quark distributions for pion,
proton, tetraquark, and pentaquark [5].
The GPDs contain information on both PDFs
( fn(x)) and transverse form factors (Fhn(t, x)), and they
are typically expressed by their multiplication:
Hhq(x, ξ = 0, t) = fn(x) Fhn(t, x), (4)
where n indicates the number of valence quarks. As
for the longitudinal PDFs, a simple x-dependent form
fn(x) = Cn xαn (1 − x)βn is often used. For a valence-
quark distribution, the parameters Cn, αn, and βn are
constrained by the valence-quark number
∫ 1
0 dx fn(x) =
n, and the quark momentum
∫ 1
0 dx x fn(x) = 〈x〉q. The
parameter βn controls the behavior in the elastic limit x → 1, and it is determined by the constituent
counting rule as βn = 2n − 3 + 2∆S z with the spin factor ∆S z = |S qz − S hz |. By these three conditions,
we theoretically obtain the solid curves for tetraquark and pentaquark hadrons as well as the pion and
proton. As for the typical PDFs of the pion and proton extracted from experimental measurements,
the dotted and dashed curves are shown at Q2 = 2 GeV2 for comparison. They roughly agree with the
simple theoretical curves, so that it is interesting to measure the PDFs for exotic hadrons shown in
Fig. 8. In addition, the transverse form factor Fhn(t, x) also contains information on exotic nature [5].
Since there is no stable exotic hadron candidate which can be used for a fixed-target experiment,
these interesting properties of exotic hadrons in the GPDs may not be observed directly. There is a
possibility to investigate them in the transition GPDs such as p → Λ(1405). On the other hand, three-
dimensional structure functions can be observed even for exotic hadron candidates, namely unstable
hadrons, in two-photon processes to produce an exotic-hadron pair γγ∗ → h¯h as shown in Fig. 9.
The factorization of the process, by the hard process of photon interactions with quarks and the soft
part with the GDAs, works in the kinematical region Q2 ≫ W2, Λ2. The GPDs are mainly measured
in the deeply virtual Compton scattering (DVCS) γ∗h → γh, so that the two photon process is the
s-t crossed one to the DVCS. The s-t crossed three-dimensional structure functions to the GPDs are
called GDAs. They should be able to provide an important information on internal structure of exotic
hadron candidates. The quark GDAs are defined by the same lightcone operator, as the one in the
GPD definition, between the vacuum and the hadron pair h¯h:
Φ
h¯h
q (z, ζ, s) =
∫ dy−
2π
ei(2z−1) P
+y−〈 h(p) ¯h(p′) |ψ(−y/2)γ+ψ(y/2) | 0〉
∣∣∣∣
y+=~y⊥=0
, (5)
The gluon GDA is defined in the similar way. The s-t crossing indicates to move the final state ¯h (p′)
to the initial h (p), so that both quantities are related to each other by
Φ
h¯h
q (z, ζ,W2) ←→ Hhq
(
x =
1 − 2z
1 − 2ζ , ξ =
1
1 − 2ζ , t = W
2
)
. (6)
From this relation, we notice that the kinematical regions, 0 ≤ |x| < ∞, 0 ≤ |ξ| < ∞, |x| ≤ |ξ|, t ≥ 0,
contain unphysical regions of the GDAs. Therefore, the GPD studies are not necessarily connected
directly for the physical GPDs and vice versa. In the same way with the GPDs, a simple function
Φ
h¯h(I=0)
q (z, ζ,W2) = Nh(q) zα(1 − z)β(2z − 1) ζ(1 − ζ) Fh(q)(W2), (7)
5
is often used for the GDAs. Here, Fh(q)(W2) indicates a form factor of the quark part of the energy-
momentum tensor, and it could be taken as Fh(q)(W2) = 1/[1 + (W2 − 4m2h)/Λ2]n−1 according to the
constituent counting rule. The factor n is n = 2 for ordinary qq¯ mesons and n = 4 for tetraquark
hadrons.
We estimated W2 dependence of the cross section eγ → e′h¯h by using the simple GDAs with
the form factor suggested by the constituent counting rule, and the results are shown in Fig. 10 for
h = f0(980) or a0(980). Depending on the constituent number n, namely n = 2 (ordinary meson, qq¯)
or n = 4 (tetraquark type, qqq¯q¯), there are large differences between the n = 2 and n = 4 curves, so
that exotic nature of the hadron h should be clarified. Furthermore, even if the hadron has n = 4, we
could distinguish a compact qqq¯q¯ state from a diffuse molecular state from the measurement.
Fig. 9. γγ → h¯h and GDAs [5].
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Fig. 10. Cross section for h¯h-pair production [5].
5. Summary
The constituent counting rule was predicted in perturbative QCD, and it is confirmed by various
high-energy exclusive processes. We proposed to use this rule for finding internal quark configura-
tions of exotic hadron candidates. Three-dimensional structure functions, such as GPDs and TMDs,
have been studied recently for clarifying the origin of nucleon spin, especially the partonic orbital mo-
mentum contributions. Here, we proposed that the GPDs and GDAs should be valuable for probing
internal structure of exotic hadron candidates.
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